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Abstract 
Let 7(G) be the domination umber and let ir(G) be the irredundance number of a simple 
graph G. The well-known inequality 7(G)~< 2ir(G)-  1 was obtained independently by Allan and 
Laskar (1978) and Bollobfis and Cockayne (1979). For any tree T, Damaschke (1991) derived 
the sharper estimation 27(T) < 3 ir(T). Extending this result, we shall prove in this paper that 
27(G)~<3 ir(G) for any block graph G and for any graph G with cyclomatic number #(G)~<2. 
In addition, we shall present examples which show that this estimation is not valid for p(G)~> 3
in general. 
I .  Termino logy 
We consider finite, undirected, and simple graphs G with the vertex set V(G) and 
the edge set E(G). For A C_ V(G) let G[A] be the subgraph induced by A. The set of 
all neighbors of a vertex x C V(G) is denoted by N(x) = N(x, G). We write N[x] = 
N[x, G] instead of N(x) U {x}. In addition, we define N(X) =N(X, G) = Ux~x N(x) and 
N[X] =N[X, G] =N(X)UX for a subset X of V(G). The degree of a vertex x of G is 
denoted by d(x)=d(x, G). I f  x(G) is the number of components of  G, n (G)= I V(G) I, 
and re(G)= IE(G)I, then 
#(G)=m(G) - n(G) + x(G) 
is the well-known cyclomatic number of  G. A connected graph with no cut vertex is 
called a block. A block of a graph G is a subgraph of G which is itself a block and 
which is maximal with respect o that property. A block H of G is called an end block 
of G if H has at most one cut vertex of G. A graph is a block graph if every block 
is complete. 
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Subcase 1.1: Assume that V(B) c_ F. I f  we consider G' = G - (V(B) - {v}), then G' 
is also a block graph with m-  1 blocks which fulfills the condition IN(w, G' )NF  I ~>2 
for all wE V(G ' ) -  F. Hence, by the induction hypothesis it is straightforward to see 
that Lemma 2.5 is valid. 
Subcase 1.2: Let V(B) N W ~ 13. Now G'=G-  (V(B) U(N(v,G)N W)) ~ 13 is 
a block graph such that IN(w,G ') N F I ~>2 for all w E V(G ' ) -  F. Again, by the 
induction hypothesis it is a simple matter to obtain the statement of the lemma. 
Case 2: The cut vertex v is an element of W. 
Subcase 2.1: If  IF  N V(B) I ~>2, then the block graph G'= G-V(B)  yields together 
with the induction hypothesis the desired result. 
Subcase 2.2: If  IF  N V(B)[ ~< 1, then I F n V(B) I = 1. Let F N V(B) = {b}. Since 
IN(v, G)NF [ >_-2, it follows that there exists a further neighbor aEF of v in G-  V(B). 
Now we define G' = G - (V(B) U {a} U (N(a, G) N W)). I f  G' = 13, then F '  = {a} fulfills 
the statement of Lemma 2.5. Finally, if G' :/: 13, then by the induction hypothesis 
there exists a set F* C_F- {a,b} with WN V(G')C_N(F*,G') and 2 IF*  I ~< IF [ -2 .  
Consequently, for F '  =F*  U {a} C_ F, we deduce that W C_ N(F', G) and 2 IF '  I ~< IF I. 
This completes the proof of Lemma 2.5. [] 
3. Main results 
Theorem 3.1. Let G be a connected 9raph. 
(i) I f#(G)=O, then 27(G ) < 3ir (G) [4]. 
(ii) I f  1 ~<p(G)~<2, then 27(G)~<3ir(G). 
(iii) I f  G is a block 9raph, then 27(G)~<3ir(G). 
Proof. Let I be a maximal irredundant set of G with l I [  - i f (G) .  By Proposition 2.2, 
we may assume without loss of generality that 7 (G) -  i r (G)=c  > 0. Consequently, 1
is not a dominating set of G and hence U -- V(G) -N[ I ]  ~ 13. But since U U I is a 
dominating set of G, it follows 7(G)~< [U[ + l i t ,  and hence [U I >~7(G)-ir(G)=c. 
According to Proposition 2.4(a), for every vertex u E U, there exists a vertex f (u)E1 
such that P(f(u),I)C_N(u). Because of U= V(G) -  N[I], it follows that f (u ) f [  
P(f(u), I) .  Combining this with the definition of P(f(u), I) ,  we find that each vertex 
f (u)  is adjacent to a vertex of I - {f(u)}.  I f  F = {f(u) lu E U}, then for every 
vertex f (u )EF ,  we choose exactly one vertex h(u)EP(f(u) , I )  and we define H- -  
{h(u) l f (u)EF}.  Certainly, In  [ = I FI and HNF=13. Now we define the vertex sets 
J=( I -F )un  and W--V(G)-N[J]. Because of I J I - - I I I  - I l l  + In l  = I11, 
it is evident that J is not a dominating set of G. Clearly, W U J is a dominating set 
of G such that [ W[ >~7(G) - i r (G)=c  > 0. 
I f  w E W, then w g H,  w ~ 1, and w ([ N[ I -  F], and by Proposition 2.4(a), we see 
also that w ~ U. Therefore, w E N( f (u) )  for an u E U. In the case that w E N( f (u) )  
but wf[P(f(u)), the vertex w has at least two neighbors in F. Now let 2 [ W I - k be 
the number of edges from W to F, where k is an integer. 
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In addition, let LI,L2 . . . . .  Lr be the components of G[I] which contain at least one 
vertex o fF .  Since every vertex o fF  is adjacent o a vertex o f / ,  we have t V(L;) I >_-2 
for l<<,i<~r and hence 2r~< l i t - - i r (G) .  Now we define the integer s by I WI =r+s  
and the induced subgraph Q by G[V(LI)U V(L2)@...  U V(Lr)U W] =Q. According 
to Proposition 2.1, we obtain 
tl(Q) = m(Q) - n(Q) + K(Q) 
r 
>1 ~ (m(Li) - n(Li)) + 2(r + s) - k - (r + s) + x(Q) 
i=1 
F 
= ~ [ l (L i )  ÷ s - k ÷ K(Q)  ~s  - k ÷ l£(Q). 
i=1 
This yields the main inequality for our proof of (i) and (ii): 
s<<.lt(Q) + k - K(Q). (*) 
(i) I f  #(G)=0,  then it is evident hat/ t (Q)=0.  For wC W we have observed above 
that wEN( f  (u)) for an uE U. Now we shall show that wraP( f  (u)). Suppose to the 
contrary that w E P( f (u)) .  Then there exists a further private neighbor h(u)E H of 
f (u) .  After Proposition 2.4(a), the vertices w and h(u) are also neighbors of u. This 
implies that (u,h(u), f (u) ,w,u) is a cycle of G, a contradiction to / t (G)= 0. Hence 
every vertex w E W contains at least two neighbors in F. From the definition of k we 
can immediately deduce that k~<0, and thus ( . )  yields s~< - 1. As a consequence of 
r~ I 1 I/2, we obtain the estimation of Damaschke [4]: 
7(G)~< I J ]  + IWt=l I ]  +r+s< I I I  +r...<3ir(G). 
(ii) First, we note that s~<0 implies I WI ~<r and, consequently, 
7(G)~<IJ I  + I w[~<l I]  +r~<23-ir(G). 
In view of this observation, we see that the estimation s ~< 0 yields our desired inequality 
in (ii). 
Case 1: First, suppose that /z (G)= 1 which means that G contains exactly one 
cycle. Let u E U and P( f (u ) , I )  = {al,a2 ... . .  am}. Then Proposition 2.4(a) implies 
al,a2 ..... am C N(u). Therefore (u, ai, f (u),ai ,  u ) is a cycle of length four of G for 
l<~i < j<~m. Since G contains exactly one cycle, we see that IP ( f (u) , I ) l  ~>3 is 
impossible and that I P ( f (u ) , I I=2  holds for at most one uC U. 
If  I P ( f (u ) , I ) l  = 1 for all u¢ U, then again every vertex of W contains at least two 
neighbors in F, and hence k~<0. Certainly #(Q)~< 1, and therefore ( . )  implies s~<0. 
If IP ( f (u) , I ) l  = I{Xl,X2}l =2 for one u E U, then we assume without loss of 
generality that xl EH. In the case xz E W, we observe that x2 has only one neighbor in 
F but all the other vertices of W have at least two neighbors in F and therefore we 
obtain k~<l. Since (U, Xl,f(u),x2,u) is not a cycle of Q, we observe that / l (Q)=0.  
Thus, we deduce from ( . )  immediately s ~< 0. If x2 ~ W, then we conclude even k ~<0, 
/t(Q)=0, and therefore by the help of (*) the inequality s4  - 1. 
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Case 2: Second, suppose that #(G)=2.  Using the same arguments as in Case l, it 
is evident hat I P(f(u),I)l>~4 is impossible, the case [P(f(u), l [=3 is possible for 
at most one uE U, and the case I P ( f (u) , I ) l=2 is possible for at most two u¢ U. 
Subcase 2.1: If I P ( f (u ) , l ) [  -- I{xx,x2,x3}[ = 3 for one u E U, then we assume 
without loss of generality that Xl E H. From #(G) -- 2 it follows at once that G 
has exactly the three cycles (u, xl,f(u),x2, u), (U, Xl,f(u),x3, u), and (u, x2, f(u),x3, u). 
Since uf[ V(Q), we see that Q is a forest, and therefore p(Q)=0.  
In the case that x2,x3 E W, it follows from p(G)=2 and Proposition 2.4(a) that every 
vertex of W-  {xl,x2} has at least two neighbors in F. Since f(u) is a neighbor of 
xz and x3 in F, we conclude k~<2. Thus, inequality ( . )  implies s~< 1 and we obtain 
[ W[ ~<r + 1. Now we define the vertex set W' --- W - {x2,x3} u f(u). Certainly, 
I W; [ ~< r and in addition W; U J is also a dominating set of G. Altogether, we find 
the desired inequality 
7(G)~< [J I  + [W;I ~< I I I  +r~<3ir(G).  
In the cases x2 ¢ W or x3 ~' W, we conclude analogously the better estimation k ~< 1, 
and then it follows immediately from ( . )  that s~<0. 
Subcase 2.2: I P(f(u),I)l = I{x~,x2}l =2 and I P(f(v),I)l = [{a,,a2}l = 2 for 
two different vertices u, v E U. 
If f (u )=f (v ) ,  then {Xl,X2} = {al,a2}. As above, it follows p(O) - -0 ,  k<~l, and 
we obtain the desired result immediately by (*). 
If f (u )¢  f(v), by Proposition 2.4(b), there exist yl,y2 E 1 -  {f(u)} such that xl is 
adjacent o each vertex of P(y1,1) and x2 is adjacent o each vertex of P(y2,1). From 
the hypothesis p(G)--2, we deduce that yt-¢y2 and [P(yi,I)[= 1 for i=  1,2. In the 
case that Yl,y2 f[ V(Q), we conclude 2r<<,ll ] -2 .  In addition, we have #(Q)- -0 and 
k ~<2. Consequently, the inequality (*) yields s~< 1. Altogether, we have 
7(6)<<. I J I  + I wI  ~< ] I I  +r  + 1 ~ i r (G) .  
In the remaining case y~ E V(Q) or y2 E V(Q), the hypothesis #(G) = 2 shows that 
~c(Q)~>2. But then ( , )  again implies s~<0. 
Subcase 2.3: IP(f(u), l) I = I {xbx2} I --2 for only one uE U. In this case we have 
k~<l and/I(Q)~<I and therefore, in view of (,), we find that s~<l. 
I f  the vertices xl and x2 are adjacent, then/~(Q)=0 and we obtain s~<0 by (*). 
In the other case that xl and x2 are not adjacent, we deduce from Proposition 2.4(b) 
that there exist yl,y2 E1-  {f(u)} such that Xl is adjacent o each vertex of P(yl,I) 
and x2 is adjacent o each vertex of P(y2, I). If Yl = Y2, then again #(Q)= 0 and hence 
s ~<0. Now we discuss the case Yl -¢ Y2. If Yl, Y2 ~ V(Q), then 2r ~< 1I I -2 .  Since s ~< 1, 
we obtain the desired result as above. If yJ,y2 E V(Q), then #(G)=2 implies ;c(Q)>~2 
and consequently, s ~< 0. In the remaining case we assume without loss of generality 
that yl E V(Q) and Y2 ~V(Q). Then there are the two possibilities x(Q)>~2 or yl and 
f(u) are vertices of the same component of Q. If  x(Q)~>2, then s~<0 is immediate. 
In the other case the vertex xl is contained in all cycles of G. If we choose for h(u) 
the vertex Xl, then we see that #(Q)- -0 and again we find that s ~< 0. 
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Subcase 2.4: [P(f(u),I)] = 1 for all f (u )EF .  In this case we have k~<0 and 
thus, (*) implies s~< 1. If 2r~< III -2  or s=0,  then we obtain the desired inequality 
as above. In the remaining case ]W] =r+ 1 and ]II - l~<2r~<II], there are at 
least 2r + 2 edges from W to F C I. Hence a simple counting argument shows that 
there exists a vertex b E1 such that IN(b)A W I ~>2. Now we choose two vertices 
wl,w2 EN(b)M W and define W'=(W-{wi,w2})U {b}. Analogously to Subcase 2.1, 
we see that J U W I is a dominating set of G with 
7(G)~<IJ[ + [W' [~I I [  +r~<3ir(G). 
(iii) If G is a block graph, then ]P(f(u)) [ = 1 for all f(u) E F and thus, every 
wE W has at least two neighbors in F. According to Lemma 2.5, there exists a subset 
F '  CF  such that W C_N(F') and 21F'] ~< IF ] . Consequently, we have 
7(G)~< IJI + [F'I ~<~ir(G). [] 
Example 3.2. The following examples will show that the estimations (i) and (ii) in 
Theorem 3.1 are best possible. 
For the unicyclic graph G in Fig. 1 we shall prove that 3 i r (G)= 27(G ). It is not 
difficult to check that every maximal irredundant set of G contains at least one vertex 
of the set {fi, hi, ui} for all i=  1,2,...,2n. Therefore, it follows that ir(G)~>2n. Since 
I= {fl,f2 ..... f2n} is a maximal irredundant set of G, we obtain ir(G)=2n. On the 
other hand, {hi,h2 ..... h2n,WhW2 .... ,wn} is a minimum dominating set of G and thus, 
y(G)=3n. This yields the desired equality 3 ir(G)=6n=27(G). 
Furthermore, let G' be a copy of G with the vertices u~, h~, f/i and w~. The graph H, 
consisting of G U G' and the edge f l f ( ,  has the properties/.t(H)=2, i r (H)=4n, and 
7(H)=6n. Consequently, 3 i r(H)=27(H).  Altogether, the graphs G and H show that 
Theorem 3.1(ii) is best possible. 
In addition, for the tree T=G-wn,  we see that i r (T)=2n and 7(T)=3n-  1. Since 
lim~--.o¢2n/(3n- 1)= 2, Theorem 3.1(i) is sharp. 
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Example 3.3. The next example will show that the estimation (iii) in Theorem 3.1 is 
best possible. 
As in Example 3.2, we see that {hl,h2,...,h2,,fl,f3,f5 .....f2,-1} is a minimum 
dominating set and {fl,fe,...,f2~} is a maximal irredundant set of minimum cardi- 
nality of the block graph G in Fig. 2. Hence, 3 ir(G)=27(G) and thus, also Theorem 
3.1(iii) is best possible. 
Example 3.4. The next examples will show that the estimation (ii) in Theorem 3.1 is 
not valid for p(G)~>3 in general. 
It is easy to see that /~(G1) --- 3, #(G2)= 4, and It(G3)--5. Furthermore, it is a 
simple matter to verify that V( Gl )= 7( G2 )-- ]:( G3 )= 5 and ir(Gt)=ir(G2)=ir(G3)--3. 
Therefore, the estimation 27<~3 ir is not true for 3 ~</~<5. Using the three graphs Gl, 
G2, and G3 of Fig. 3, it is straightforward to construct a connected graph G with 
#(G)=p for an arbitrary integer/~>~6 such that 3v(G)=5ir(G).  
Remark 3.5. We also have constructed examples which show that for chordal graphs 
and bipartite graphs G, the estimation 7(G)~<2ir(G)-  1 is best possible. 
Remark 3.6. A graph G is a cactus graph if each edge of G belongs to at most one 
2 cycle. If G is a cactus graph, then the lower bound ~ of ir(G)/7(G) is not valid, 
because there exists for example a cactus graph H with ir(H)/y(H)= 7. 
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But the following conjecture may be valid. 
Conjecture 3.7. If  G is a cactus graph, then 
ir(G) 5 
- -  ~> - - .  
~,(G) 8 
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